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Abstract
The racks:hift method of describing gears mad with nonstan-

dard addendum diameters (tip diameters or nonstandard tooth
thickness) has serious lLmilations, since the nominal pit.ch of the cut-
ting tool, which is required for the calculation of rack shift coeffi-
cient, may not be available to the designer, may vary as the tool
is sharpened or may be cliffefen.! for the gear and tits mate.

The details of the calculation of rack shift coefficient are not stan-
dartiized, so ~ere is little agreemem between analysts aboll~the value
of "x" for a given nonstandard gear or g ar pair. Two common
methods to calculate rack shift coefficient are described in this article.

This article proposes a different nomenclature for nonstandard
gears. using the involute function of th transverse pressure angle
at 'Ille d:iameter where 'the space width is equal to the cireular tooth
thickness. This is calculated from the funcbrnenlal relationships be-
tween number of teeth, normal base pitch, axial pitch and normal
base tooth thickness, -

This dimensionless value, calledT", is used with th.e add srtdum
diameter and fa.ce width to describe a single gear, A pair ,of gears
is described by the same system, by adding center distance and
backlash to 'the parameters.

In'lrodudion
The use of dimensionless factors to describe gear tooth

geometry seems to' have a strong appeal. to gear engineers.
The stress factors I and J, for instanc~,are well established
in AGMA literature, The use of the rack shift coefficient "x"
to describe nonstandard gear proportions is common in
Europe, but is not as commonly used in the United States.
When it is encountered in the European literature or in the
operating manuals for Lmported machine tools, it. can be a
source of confusion to the Americaa engineer.

Even those who use the rack shilt method do not agree
on how to evaluate the rack shift coefficient of a specific gear
set. As a test, the author sent a set of data fora simple spur
gear set. to seven gear engineers in the U.S. and Europe with
the request ,that they evaluate the "x" factor. Of the six replies,
no two results were the samel The value of the rack shift coef-
ficient "x" varied by more than .20%. The gear data and the
results are tabulated in Appendix C.

This article proposes that these nonstandard gears be
described by a different parameter, the involute function of
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the transverse pressure angle where the tooth thickness equals
the space width.

Before describing the proposal, the rack shift method of
describing nonstandard involute gears and some of its limita-
tions are discussed.

Rack Shift Coefficient - Two Definitions
Outside Diameter Method. One definition of rack shift

coefficient is given by Maag:(l)
'The amount of the radial displacement of the datum line

from the position touching the reference circle is termed ad-
dendum' moddicazion, This amount is given a positive sign
in the calculations when the displacement is away from the
center of the gear, anda negadve sign when towards the'
center of the gear .. , .The addendum modification coefficient
~ is the amount of addendum modification measured in terms
of the diemetral pitch or module,

Addendum Modification = x (or x.m) (1)
p

The dimensions of the gears can be determinedas the so-called
zero backlash gearing by means of a system of equations.
(In practice the backlash is obtained by the tolerances on the
theoretical, nominal dimension.)"

This definition, which will be called the outside diameter
(OO) method, is useful because, if root clearances are kept
standard, the center distance can easily be calculated without
confusing the calculation with considerations of operating
backlash. (See Figs. 1 & 2.) It is dear that, even without using
a dimensionless coefficient .

C = 001 + Dr2 + c (2)
2

where
Dol = Outside diameter of pinion
Dr2 = Root diameter of gear
C = Center distance
e =, Root clearance.

The geometry is calculated as Hthe gear were cut by feeding
ill hob in from the outside diameter to standard depth, then
side cutting to achieve the desired backlash.

The' gear data block includes "backlashaUowancein this
gear", which specifies thearnount of this side cutting . For
gears which are to run on widely spread centers, this backlash

Fig. ~- The outside diameter method.
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Fig. 2 - Center distance using constant radial clearance.

allowance must be negative to provide reasonable operating
backlash. Negative backlash allowance is a difficult concept
which can lead to false expectations of root clearance, -

This is a simple mathematical convention, but it is not the
way gearsare made. In real life, the cutter is fed in until the
desired tooth thickness isa.chieved. The resulting root
diameters are not the same as those assumed in the original
convention, so the root clearances on which the convention
is based are not standard.

Nonstandard root clearances are not much ofa problem
if they are greater than expected, but they can lead to inter-
terence problems in those gears which have negative "backlash
allowance" in order to operate properly on spread centers ...
(See fig. 3.)

The interference can be alleviated by reducing the outside
diameter to restore the standard clearance, but this throws
the engineer into ill loop, since the x factor is based on the
00. Lorenz(2.)introduces a K factor (tip modification factor)
to dean this up without recalculating the x factor.

This definition has a more subtle problem, since helical
gears and spur gears with the same normal generating tooth
thicknesses do not have the same x factor, even though it
seems they should. This question will be covered later in this
article.

Tooth Thlcknes« Method. Another definition of rack shift
is related to Ute actual position of the cutting tool when cut-
ting the thickest allowable teeth for the design under
consideration ..

Wndtsn - '1'12)x = (3"
where

tsn = Tooth thickness at standard (generating) pitch
diameter.

Pnd = Normal diametral pitch
;:Pc = Cutter profile angle
This is dimensionless, since the tooth thickness is multiplied

by the diametral pitch or divided by the module. We shall



call this the tooth thickness ('IT) method. (See Fig. 4)
The IT method eliminates the problems with negative

backlash allowanceand misleading root clearanee assump-
tions inherent in the OD method. It ofl,ers little help in
calculating center distance if tooth thicknesses are known,
or in calculating tooth thicknesses to operate at a specified
center distance. In this method, the outside diameters of the
gears are calculated from the center distance, the root
diameters and the required root clearances.

DOl =2{C-c) - Dr2: (4)
If two gears are operated on acenter distance equal to the

sum of their standard pitch radii plus the sum of their rack
shifts calculated by 'the IT method, the operating backlash
will vary in a complex manner with the sum of the rack shifts.
Backlash is zero when the sum or rack shifts is zero, but it
must be calculated from operating pitch diameters and
operating tooth thicknesses when the sum of rack shifts is
not zero. The time required to perform this lengthy iterative
process usually precludes 'the development of an optimum
design. -

Most of those who responded 'to the sample problem
assumed a "backlash allowance" and adjusted the tooth
thicknesses ,arbitrarily to define a hypothetical "zero backlash
set" .•The' differences :in their assumptions account for some
of the differences in their calculated "x" factors.

Cutter Standards arid Stl:mdard Racks. In order to make
any of the definitions of rack shift dimensionless, the designer
must assume a cutter diametral pitch or module. This is
usually done in terms ofa hypothettcal standard rack by
assuming that the rack geometry is "standard" where the tooth
thicknessand the spac-e width of the rack are equal toone
half of the rack's circular pitch.

This is ground. "tool designers and gear
machines operate with base pitch,

regardless of what is marked on the
of the toot Short pitch hobs,

single tooth rack shaper cutters, single
tooth grinders and two wheel grinders ar

Fig. 3 - An example
of geMS interfering
in the root with
backlash. The hob
was ~ in to stan-
dard depth.

GENERATING DIAMETER
(PREUUIII ANGLI lQUALI .c)

Fig. 4-Addend-urn modification factor by the looth thickness method.

beyond standardization by the "half circular pitch" method.
What is the designer to do,? Usually an assumption is made

by the designer and ignored by the manufacturing depart-
ment. The result can. be a.surprise, usuaUy discovered. on the
assembly floor.

Earlier Publications
Finding an easy way to calculate the dimensions of

nonstandard gears has been the 5ubjectof countless paper-s
and articles. As early as 1911, the Isthmian (P'anama) Canal
Commission(J) used 1 DP' oversize spur pinionsin the gate
mechanisms for the Gatun and Miraflores locks. These gears
were made on special Gleason gear planers from a layout,
another method which is hard to describe in terms of a stand-
ard rack fonn ..

As the advantages of nonstandard gears became better
recognized, many authors tried to develop systems for "stan-
dardlzed" nonstandard systems ..Maag: offers pages of charts,
nomographs and advice on this subject. An interesting paper
. (4).. .. 1;'"-

by Grosser provides eight pages of charts to help with
these calculations. Farrel(S) also provides guidance in select-
ing the proportions of gears intended to operate on spread
centers. Most of this work dates from the days oJ mechanical
calculators and 'tables of logarithms, when the difficulty of
finding the value of an angl Irom its involute function was
avoided whenever possible to save calculation time,

Compu.ters and dle Inverse Involute
Today we can find the arc involute as easily as we find

the arc eosine, Even pocket calculators are easily programmed
to givean accurate result. There are many algorithms.
Cooper(6),. Errichello(lI and Laskin(8) all work and are read-
ily available. Easy access to the arc involute frees us up to
optimize nonstandard gears if we can ri.nd a more direct ~ay
to calculate center distance, backlash and limit diameters fr-om
tooth thicknesses, or vice versa.

Summary of This Article
This article will demonstrate thalt the involute function o.f

'the transverse pressure angle, where the tooth thickness is
equal to thespace width, called the 'T' factor, is a useful way

January/February 19,88 '13



to describe nonstandard gears. With this parameter, a series
of simple equations can be developed, which s.implify
nonstandard gear geometry calculations and reduce iteration.
The"]" factor is

• Dimensionless
• Easily calculated
• Independent of helix angle
• Independent of the cutter geometry
• Independent of the mating gear
• Unique for the geometry of the gear described.

Nomenclature and Definitions
Defil1itiotl$. Symbols are defined where they are first used

in this article. For convenience, a list of symbols is provided
in Table L

The subscript ''1'' refers to the pinion, and the subscript
"2" refers to the gear.

Fundamental! PilIamet·ers of the Involute Tooth Form
The involute portions of a.meshing gear pair can be Com-

pletely described in terms of a short list of fundamental
parameters.

Numbers of Teeth. The number of teeth on each gear must

Table 1 - Nomenclature

Where
First

Symbol Description Used
B Backlash in the plane of rotation Eq. 5
~ Backlash normal to involute profile Eq.7
C Center distance Eq.2
c Root clearance Eq. 2
o, Base circle diameter Eq. 5
Dol Outside diameter of pinion Eq. 2
Dr2 Root diameter of gear Eq.2
m Metric module Eq.l
N1 Number of teeth in pinion Eq.6
Nz Number of teeth in gear Eq.6
P Diametral pitch Eq.1
Pnd Normal diametral pitch Eq.3
p Transverse circular pitch Eq. 14
Ph Transverse base pitch Eq.5
PN Normal base pitch Eq.7

p" Axial pitch Eq. 9
I

T Tooth thickness Factor (inv 91) Eq. IS'
II t Transverse tooth thickness Eq. 14
I tb Transverse base tooth thickness Eq. 5
i tbn Normal base tooth thickness Eq.7
tsn Tooth thickness at standard

(generating) pitch diameter Eq .. 3
x Rack shift coefficient Eq.1
,p Transverse pressure angle Eq. 14
,p' Transverse operating pressure angle Eq.5
¢I Transverse pressure angle where space

width equals tooth thickness Eq.13
,pc Cutter profile angle Eq.3
th Base helix angle Eq.7

14 Geor Technology

be known before the geometry can be defined.
Base Pitch. The base pitch must be determined from the

cutting tool. or arbitrarily if the gear is to be made on a
machine where base pitch is adjustable .. Base pitch can be
measured in the normal plane or the plane of rotation.

A;dal Pitch. Axial. pitch, which determines the helix angles
of the gear set, is required to define the geometry.

Base Tooth Thickness. Base tooth thickness, which deter-
mines all of the tooth thicknesses of a gear, must be estab-
lished for each gear. Base tooth thicknesses can be measured
in the normal or transverse' plane.

Center Distance and Backlash.. If both base tooth
thicknesses of a gear pair are known, either center distance
or backlash is required. The other can be calculated ..[f three
of the four; tbI, tb2, C and B, are known, the fourth can be
calculated.

Blank Dimensions. The outside diameters of the gear
blanks are usually determined by the involute geometry
chosen, thecutter addendum and the root clearances desired.
They are required, along with the face widths, to completely
define the gear geometry.

Root Fillet Geometry. The root trochoidal form is deter-
mined by the cutting conditions. It is beyond the scope of
this article, since it does not affect the involute portion of
the teeth, but it isfundamental to the strength ·of the teeth,
For good control. the root fillet coordinates or the cutting
method and cutter fonn must be specified.

A Pair of Gears
Gear designers are usually intersested in a pair of gears in

mesh, since, like Adam without Eve, one gear is more or-
namental than usefuL It can be demonstrated that for two
gears in mesh:

iov ,p' _ tbl + tb2 +B - Pb

Dt.l + Dt.2
(5)

where
1jJ'
fbI

thZ

Ph
B

- Transverse operating pressure angle
- Transverse base tooth thickness of pinion
- Transverse base tooth thickness of gear
- Transverse base pitch - :1I'Db/N
- Backlash measured in the transverse plane and

in the plane of action
- Base circle diameter of pinion
- Base circle diameter of gear

DbI

Db2

(Derivations for Equations 5, 12, 13, 14 and 21 are included
in Appendix A.)

For either gear or pinion:

(6)

where

N - Number of teeth

If Equation 6 is combined with Equation 5 and the result
is multiplied by cos %/cos %, we have the surprising result:



where
'Ph - Base helix angle
tbn - Normal base tooth thickness 'of pinion or gear
PN - Normal base pitch
~ - Normal backlash measured normalta involute pro-

file. This is the backlash wh:ich would be measured
by a feeler gauge inserted between the teeth.

Equation 7 demonstrates that til is independent of ifib. This
implies that as a. pair of spur gears are made "more helical"
by increasing the helix angle, holding the normal base tooth
thickness constant and holding the axes paralleljhe center
distance increases in inverse proportion to the cosine of the
base helix. angle and the operating transverse pressure angle
remains constant. A similar equation appears in. Section 1.35
of Maag for checking the calculation of base tangent length.

The tight mesh condition, as with a rutting too] or a master
gear, is a special case where the backlash is zero.

U the center distance is known:

, Dbl + ~l PN(N1 + N2),cost/> - , , - ::....:..:..---"----'''-
2C 211' C cos I/t'o

I/t'o - sin-1 (PN)PK

(8)

(9)

where
px - axial pitch.

Note: For spur gears, the base helix angle is zero. The value
of cos I/t'o is 1.0. Most computers will accept a very large
value of PXI such as l.OE+9, without significant error, and
eliminate the need fora separate routine for spur gears.

If EqUation 7 and Equation 8 are solved for t/>' and equated:

A.' -1 (PN(N, 1+Na) )
'I' - cos ! ---=----='-

2'11'" Ccos 1/1,

_ inv-1 ('II'"(tbn1+~~+BN-E-J)
PN(N1+Nz)

(10)

If the cutter and numbers 'of teeth are fixed, this simplifies
to:

(11)

where

. - (N +N)
K} - a constant, PN 1 2

:11'

K2. - a constant, BN-.PN

This equation is partieularly helpful when a gear set must
be designed to fm a given center distance, since the combined
,effects of increasing tooth thickness and increasing base helix
angle {or decreasing axial pitch} are shown in one equation.

Once the sum of the base tooth 'thicknesses is known, it
must be divided between the gearand pinion in accordance
with the designer's priorities for balanced strength, sliding

velocities and whole depth.
Gear Pairs With NOP1~.Pa.r;allelAxes. Equation 7 is derived

from the assumption that the axes of rotation of the mating
gears are parallel, (The base helix angles are equal.l H this
is not the case, as in hobbing, shaving and in spiral gears,
a more general relationsrup must be sought, in which the nor-
mal operating circular pitches of the mating parts are equal
at the operating pitch diameters, and the Sum of the norma]
operating tooth 'thicknesses plus the normal! backlash is equal
to the operating; normal circular pitch. This leads to Equa-
tion 12, which must be solved by iteration.

N'- , N--'.' N (tbl) N (tb2) , (BN) (-)IlnVt/>l+ Zlnvt/>2,-l ,- + 1 - + 'II'" - -'11'"12
ObI Db2 PN

It can be seen that if the axes of 'the gears are parallel, so
'that the transverse operating pressure angles, (t/>\ - q,'2 -
t/>/), and the base helix angles are equal, Equation U reduces
to Equation 7.

One Gear. It has been shown by Grosser that the pressure
angle where the tooth thickness is equal to the space width
can. be found by

(U)

pressure angle where space width equals tooth
thickness.
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In Grosser's genera] case:

(14)

where

t - tooth thickness at the diameter where cp is measured
p ~ circular pitch at the same diameter.

The similarity between Equations Sand 13 has led to. a
search fer a way to express the fundamental proportions of
a gear pair in the same terms, as dimensionless ratios of to,
Ph and N, independent of the cutter geometry or the units
of measurement,

"T"Factor
Definition. The author proposes that the involute of the

pressure angle in the transverse plane at the diameter where
the tooth space is equal to the tooth thickness, be used as
the dimensionless comparison factor. This factor, called T,
for transverse tooth thickness factor, is dimensionless, easily
calculated and extremely useful. It would also be possible to.
use the pressure angle at this diameter, which is in more
familiar units, at the expense of an additional mathematical
conversion. This angle will be shown for easy reference in
parentheses as (cf>T) wherever numerical values for T aile
shown, for easy reference ..

Ca.lculan:on of T. Equation 13 can be restated by multiply~
ing it by cosVtb/cosVtb, in terms of normal tooth thicknesses

IJ J'J J-J .E.~\H DO;:: . Possibly,
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and normal base pitch, as:

(15)

This is the most convenient general form, since it is valid
for both spur and helical gears ..

Whe.n two gears are considered, T can be substituted into
Equation 7 giving:

. ,TIN1+T2N2+1F(BNIPN) '(16)mvtJ! - ... _
N} + N2

The term "BNIPN" is identical to "B/pb'" so that backlash
can be taken in either sense, as long as the value at base pitch
is consistent.

Some examples will illustrate the uses of this concept.
Fixed Center Distance Gears. Engineers are often asked to

specify a gear set with a specific ratio to nlesh at a given center
distance and a specified backlash, Usually, the ratio will not
Ht thecenter distance with spur gears made to standard pro-
portions and with standard (or available) tooling. The choice,
then, is to use oversize spur gears, helical gears or oversize
helical gears. The possibilities are endless, and thecalcula-
honsare repetitive, so the tendency is to use the first
reasonable resolution without really considering the
alternatives.

A simple calculation procedure using the Tractor wiH be
iillustrated by a numerical example. ]n these examples, calcula-
tions will be made for theoretical gears, representing the
tightestcenter distance expected and the maximum material
condition of the gears ..

Consider a 35/23 ratio (1.52174/1) and a 6.S00M center
distance. Assume that 5 DP 20" (PN - .5904) tooling is
available, and the desired normal backlash is .010·.

The author has found that 25° is a reasonable upper limit
for the transverse operating pressure angle .of sets like this,
so calculations will begin there. From EquationS Vtb -
22.311" and from Equation 9 px - 1.5552'.

Rearranging Equation 16, we get: B

TIN1+T2N2-inv¢'(N1+N2)-T (~) (17)
PN

With the value of T1Nl + TaN2 known, the distribution
of base thickness between the two gears is completely up to
the designer's judgment. Some of the options are:

Balanced Sliding. If a balance between approach and
recess action is desired, T1 should be approximately equal
to T2, and

invcp'(N1+N2) -1F(BN/pN)

N]+N2

., 1rBN
- mv¢ - --~-

PN(N1+N2)

Substituting and solving for T:

T- .02905791,(¢T - 24.7555°)

T

(18)

Rearranging Equation 15:

TN PN
tbn ~ + .SPN

1r
(I9)
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Substituting, Ibn = ...4208' tor the 23 tooth gear and .4863·
for the 35 tooth gear.

The tooth thickness values are converted to the transverse
plane, and the tooth thicknesses at the generating diameters
are calculated, For standard tooling and standard root
clearances, the gear ~O's will be 5.558" and 8.247", and the
tip lands will be .141' and .145", respectively.

For the pinion, the arc of recess action is 20.50
, and the

arc of approach is 20 ..2°. The sliding velocity at the gear tip
is 90 inches per second at 1200 pinion rpm, and at the pinion
tip it is 87 inches per second. The complete geometry of this
gear set is shown as Example 1 in Appendix B.

Balanced St~ength. H balanced strength is the first con-
sideration, a solution must be found by iteration.

For external gears with moderate ratios, the iteration can
be shortened by setting the T values in inverse proportion
to the numbers of teeth, so that the product T x N is a con-
stant. This is equivalent to setting the base tooth thicknesses
equal to each other. (See Equation 15.)

From Equation 17, values for T are .036638 (q,y -
26.6303°) for 23 teeth and .024077 (¢T - 23.3217°) for 35
teeth.

Substituting these values into Equation 19, the base tooth
thicknesses are .45356·.

The outside diameters are 5.654.· and 8.151". The tip lands
are .1225" and .1574".

The resulting J factors for bending strength are .511 and
.458. The complete geometry of this gear set is shown as Ex-
ample 2 in Appendix B..

This is only one of an infinite number of possible solutions
to the problem. Although it provides a reasonable balance,
since the J factors are within 6% of the mean, better balance
between the bending strengths can be obtained by increas-
ing one base tooth thickness slightly at the expense of the
other. The sum of the base tooth thicknesses must be held
constant to maintain the operating backlash.

For moderate gear ratios, base tooth thickness is nearly
proportional to root tooth thickness, and bending strength
is proportional to the cube of root tooth thickness, In our
example, a. 2% change (.009') in base tooth thickness will
make the difference, since (1.02)3 - 1.06. The resulting J
factor is .48 for pinion and gear. The designer must judge
if such a small change is really significant to the performance
of the finished parts. The complete geometry of this gear set
is shown as Example 2A in Appendix B.

A higher strength rating might be obtained by increasing
the operating pressure angle at the risk of higher noise and
a smaller contact ratio. The T factor system allows these
possiblines to be explored with a minimum of repetition, and
a clear idea of the effects of each change.

Tight Mesh Center Distance. Once the geometry of the
work gear is established, the engineer next usually needs the
inspection data. If the work gear is to be inspected by the
master gear-test radius method, the operating center distance
with the master gear will be required. In this example a master
gear with a standard tooth thickness - the space width equal
to the tooth thickness at the generating pressure angle-will
be used.

T for the master gear is then equal to the involute of the

18, Gear Technology

transverse generating pressure angle.

'. . _ sin¢cT - inv (sin 1(__ ))
cosrh,

T == .019203, (<frr = 21.6969'°)

T for the 35 tooth work gear is .024077, from Example 2.
Substituting the appropriate values in Equation 16, inv ¢'

= .022302 and ¢' = .3972 radians. From Equation 8., the
tight mesh center distance is 6.0583". The complete geometry
of this gear set is shown as Example 3 in Appendix B.

Sh.aper Cutting Conditions. H the gear is to be cut with
a pinion shaped cutter, the calculation is done as in the
previous example, except that allowance must be made for
the sharpening condition of the cutter ..The operating center
distance with the cutter is necessary for the calculation of in-
terference and form diameters with the shaper cutter. It is
usually calculated for two conditions, new cutter and thin-
nest usable worn cutter,

The base tooth thickness of the cutter can be taken from
the cutter drawing or from span measurement of the actual
cutter. The second alternative is usually best if a.worn cutter
is to be used to cut the part.

For example, consider a 71 tooth internal spur gear to be
cut with a. 20 tooth 3 Pndcutter, to a base tooth. thickness
of .1460". For the geat, T = .015559, th = 20.2787°. T, an
involute function, must be positive, so the absolute value of
N must be used. In the rest of the calculation, the numbers
of internal teeth and internal diameters ,31'e considered

{20J

negative.
The results are shown in Table 2.

Table 2

Cutter Data New Cutter Worn Cutter

too .6120" .5247'
T factor .019156 .005220
¢T 21.6798° 14.21600

¢' 19.668° 21.844r
C 8.482" 8.605"
Example No. 4 5

Mesh With A Rask, The T factor system can be used to
analyze rack and pinion meshes by assuming that the rack
is a gear with a very large number of teeth, such as 9999.
This eliminates the computational. problems caused by infinite
values fortb' Cand Nz. The T factor for the rack is equal
to its transverse pressure angle. As an example, we will ex-
aminea 33 tooth spur pinion, cut with a 5 Pnd 141.5° hob
to a base tooth thickness of .4131", in mesh with a special
rack. The pinion was designed fora. special job requiring low
noise and high beam strength, The rack pressure angle of 80

was chosen to minimize separating forces and provide a.max-
imum contact ratio for quiet operation.

The rack circular pitch required to match the pinion base
pitch is .6143". T is then the involute function of 8\ or
,0009141.

This unusual gear set was built for a linear motion de-
vice, similar to a planer. (See Figs. 5~7.) It illustrates the
ability of the T factor to describe the gear geometry and to



facilitate the necessary mesh calculations, even if the two parts
are made with widely diHerentcutting tools, as is the case
here. The complete geometry of this gear set is shown as
Example 6 in Appendix B.

Mesh With A Hob. The T factor as derived is valid for
meshes where the axes of rotation of the two members are
parallel, but not valid in hobbing or shaping with a rack
shaped cutter set in. the normal plane. In these cases, it is
simple to convert the tool. geometry to its equivalent rack
in the transverse plane by calculating its transverse pressure
angle using Equation 17,. For example, the 35 tooth helical
gear of Example 2 might be cut with a standard hob with
a 20Q norma] profile angle. The transverse pressure angle of
the hob, ¢T = 21.69710 and T = .019204. Example 7 in
Appendix B shows the complete geometry of this gear set,

Establishing Root and Outside D.iameters..The examples
given here establish the foot diameters of the gear and pin-
ion from the cuttirlg conditions, using the generating diameter
and tooth thickness to establish the cutting position of the
cutter, and calculating the tip position of the cutter from the
actual. cutter geometry. This allows the use of different tools
for the gear and pinion if desired. The shaper cuHer and hob
examples show how this works. The outside diameters are
chosen to give standard root clearances from the root
diameters of the mating parts, except in the cutting tool ex-
amples, where the root clearance with the cutter is zero.

The resulting whole depths vary from standard in order
to maintain the designed clearances. This system is not re-
quired, but it has the advantage of automatical.ly maintain-
ing equal cutting depths for gear and pinion.

Limit Diameter for Minimum Tip Land. Pinions designed
to operateon widely spread centers run the risk of having
tip lands which are too small for good operation or for proper

Fig. 5 - Pinion in
meshwith
special rack.

F.ig.. 6-SpecialBD generated .r.1ck.

heat treatment. An .adaptation of the T ta.etor allows a quick
approximation of the maximum usable diameter limited by
minimum tip land. This approximation is based on the
premise that a minimum value for tip land should be
.300"/Pnd•

From Equation 14 the involute function at .any diameter
where the ratio of tooth thickness to circular pitch is known.
can be cal.culaled. If we assume ,that the pressure angle at
the limiting outside diameter will be appro.xima'lely 40°, 'the
ratio of base pitch to cwcular pitch at the outside diameter
will be .776,theoosineof 400

• These assumptions let lIS derive
the following:

.!'(tbn - ·08PN)mvtbJDmal< - --'-..:::::.:...-....:..:.:;..
NPN

Equation 21 is a good guide to maximum diameter fer
preliminary design of pinions, but the actual tip land should
be calculated beIor1! the design is finalized ..

This approximation is not IlRfuli for gears with large
numbers of teeth, since the 40" approximation is unrealistic

for gears with more than. 40 teeth. This limitation is
nota serious one, since the problem is encountered

f3IeIy in gears with Large n~mbe_rs of IfeeLh.
Universal Pin Size. Grosser demonstrated that f.or

SPUl' gears, a pin with a dia_meter equal to half the
transverse base pitch will always rest with its cen-
ter at the diameter where the space width equals the
tooth thickness. (See Equation 13). It is ,easy to show
that this is also, true fo.r helical gears if the pin size
is chosen so that the pin size is equal. to ha:tf the
norma] base pitch.

The involate function at that diameter is T, which
is independent of the helix angle. The diameter is,

of course, a functio.n O'f Dt" which is in-
versely proportional. to %. This, relation-
ship provides an 'easy universal. way to
determine a pin size without tables or long
caJlcUlatio·n if T is known ..

This line of reasoning returns us 'to the

(21)

.JanuarvlFebruary 11988 I' 9
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Fig. 7 - Plotted profile of special rack,

concept that a logical relationship should exist between the
descriptions of nonstandard helical!gears and similar nonstan-
dard spur gears. The T factor does this by giving gears with
the same fundamental geometry the same name.

Sh.aving Cutters. Combining Equation 15 with Equation
U and eliminating the backlash term, since shaving cutlers
are in tight mesh,

Also, since the normal operating pressure angle is iden-
tical en both parts,

This pair ofequations, which are a rearrangment of those
presented by National Breach(9) must be solved by iteration.

The solution is beyond the scope of this .article, but the equa-
tionsare presented here 'to.' illustrate the vaJueof the T factor
in describing a nonstandard gear and simplifying the form.
of most gear geometry equations.

Condusions
The equations derived and demonstrated above are not

dependent on the T factor. Similar relationships can be de-
rived from the fundamental! parameters given at the beginning
of this article. Is it really worthwhile to. introduce another
pet theory into. the gear geometry litera.ture1 Why not werk
with tho and PN?

At times we need to compare two designs of differ·ent
pitches to get a sense of how a new design compares to a
known set in the field. If we can make the comparison on
a nondimensional parametric basis, we can generalize the in-
formation and help with future designs too.

The appeal of the x factor system amply demonstrates the
need for a comparison factor. The T factor is proposed as
a more dearly defined and more useful parameter. By
eliminating the assumed cutter definition and the assumed
backlash from the parameter. we can compare designs made
with nonstandard cutters as easily as we can ,compare more
conventional gears.

AppendixA- DerivaHons
Symbols
Symbols used are the same as these in the body of the arti-
de. The prime symbol ( , ) denotes values at the operating
pitch diameters.

Parallel Axis Gears

(22)

Conditions:

• Axes are parallel,
• Transverse operating circular pitches are equal.

• Transverse operating pressure angles are equal.

• Sum of transverse operating tooth thicknesses and
transverse operating backlash equals transverse
operating circular pitch.

(23)

(continued 01'1 page 22)
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DESCRIBING NONSTANDARD GEARS ..
(continued from page 20)

Derivation of Equation 5:

p'

011 (tbl - inv¢') + 01
2 (. th2. - inve') +B'

ObI 0"2.
p' tbl ..., 0'2 tb2 D'2 . , B'-----mv¢ +-----mv¢ +-

0'1 Dbl D'l ~1 OIl D'l

p'

L_Ph

D\ ObI

0'2 Db2----

OIl Dj,1

Note: B~is transverse backlash at 01,

B is transverse backlash in plane of action.
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Crossed Axis Gears
Conditions:

• Axis are in parallel planes.

• N ormal operating circular pitches are equal

• Normal operating pressure angles are equal.

• Sum of normal operating tooth thicknesses plus normal
circular backlash equals operating normal circular pitch.

Derivation of Equation 12:

Given: tOnI' tbn2' a, N1, Nz, PN, Px1 and Px2

Note that axial pitches are different fo,r the two gears.

for each gear:

1I'Dj

t'n - t't coS¢'
N

_ N p'n..O'COSlP'

ttb _ 'I' tnb

OJ, NPN

'IT D'lCOS¥/'l

NI
, ;, ., 11' tnhl '.' . ..' r tnbz. ,Pn-DICOSlPl(•.- -mv¢tl)+D2c.oSlPz(-.--mv¢t2)+Bn

N1Pn. NzPn
'N ,'N., _, (tnbI+tnb2) Pn I, A.' P.n-2._ A.' +·BPn-Pn - -. - --mv"'·t1 - --mv"'t2 ·n

PN PN 11' 11'

, tnbl tnb2 Nl.. j N2. , B n
l---+----Invcf> n--InvrP t2+-

PN PN 11' 11' p'n

(Bn_BN)
p'n Pn

TINI +T2N2+'l:BN

PN
tbl tb2 BN

or . -=NIL )+N2 (- .. -+ 11' (-)- 'II'

ObI Db2 PN

(22)

(12)

Tooth Thickness (See Fig. 8.)
Derivation of Equation 13:

Rl is the radius where:
"t" - tooth thickness is equal to "s" - tooth space.
¢1 is the pressure angle at that radius.
~ is the base circle radius.



Ph. tb
- +mvtPl --
4Rt, 2~

Phtb--
· 2
mvtP]---

Db
For any value of to:

'..1. tb Ph 'tlmv'r'l-_- __

2Rb 2Rb 1'1

· tb-Pbt1/plmvtl)- ....::...-=....:;....::'--"-=-
1 '0.,

where Pl. ,tPt and 'tl are at Dl

Derivati.on of Equation 21.

If ,300M /Pnd is a reasonable limit for tip land, to:

1" 1" CoSt/J,c . d ' .300 PN
Pnd---an t.,------"-"-'

P PN 1rCos<Pc

for 14.5°, to-'099J>N
for 20°, to-.101pN
for 25°, to-.10SPN

Use .1PN as an approximation.

· tb-Pb(.lPN),jpomv,tPo-....:;.....~-:...;~:..:=

Db

If we assume Lhat 40° isa good approximation f'OftPo'
Po-,PN/cos 4OD

•

o. th- Pb(·lPN·776/PN)mv~-~·~~~--~~
Pb
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DESCRIBING NONSTANDARD GEARS ....
(continued from page 27)

Appendix C - Survey Results
Five gear designers in the US and two in Europe were asked
to' determine the x factor for the following gear set, which
is used in a high speed, high shock application:

Center Distance
Spur Gears
Normal Diametral Pitch
Hob Profile Angle, Normal
Base Pitch
Hob Addendum
Hob Tooth Thickness

6.000/6.005"

5
200

.5904263"

.280~

.314"

PINION GEAR
Number of Teeth
Base Tangent Length
Tooth Thickness at Std ..

Dia.
Outside Diameter

.413/0410·
7.65517.650"

23 35
1.590/1.588" 2.25712.254'

.369/.367"
5.130/5.125"

The following data was calculated, but net provided:

Minimum Backlash
X (OD Method)

Backlash Allowance
X (IT Method)

.010S"

.3250
-.0054."

.3619

.6375
-.0056"

.6759

SURVEY RESPONSES

Xl X2 SUM

.3250 •63iJ5 .9625

.3619 .6759 1.0375

.3688 .6676 1.0064

.3804 .6829 1.0633

.4000 .7169 1.1169
4994 .80'16 1.3010

..3892 .6971 1.0863

A
B
C
o
E
f

Average

+28/-16.5% +14..9/-8.6% +19..71-11.4%'
i

Range
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