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Management Summary
In this paper a new method for the introduction of optimal modifications into gear tooth surfaces—based on the 

optimal corrections of the profile and diameter of the head cutter, and optimal variation of machine tool settings for 
pinion and gear finishing—is presented. The goal of these tooth modifications is the achievement of a more favorable 
load distribution and reduced transmission error. The method is applied to face milled and face hobbed hypoid gears.

Corresponding computer programs are developed. By using these programs, the optimal head cutter geometry and 
the optimal machine tool settings for pinion and gear tooth processing are determined. The influence of tooth errors and 
misalignments of the mating members on load distribution and transmission error is investigated. The obtained results 
show that the influence of tooth errors and misalignments on gear performances is significantly reduced by the introduc-
tion of optimal tooth modifications.

Introduction
Conjugated spur, helical, spiral bevel, hypoid and worm 

gears are theoretically in line contact. In order to decrease the 
sensitivity of the gear pair to errors in tooth surfaces and to 
the mutual position of the mating members, carefully chosen 
modifications are usually introduced into the teeth of one or 
both members. Over the years, much research has been direct-
ed towards the optimization of design and manufacture of dif-
ferent types of gears. Some of the related references are for:

•  Spur and helical gears (Refs. 1–3)
• Spiral bevel and hypoid gears (Refs. 4–27)
• Cylindrical worm gears (Refs. 28–35)
• Double-enveloping worm gears (Refs. 36–40)
As a result of these modifications, the gear pair becomes 
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“mismatched,” and point contact of the meshed tooth surfaces 
appears instead of line contact. In practice, these modifica-
tions are usually introduced by applying the appropriate ma-
chine tool setting for pinion and gear manufacture, or by the 
optimization of the tool geometry.

The method for the determination of optimal tooth modi-
fications—based on minimized tooth contact pressure and 
transmission error—is presented in the example of face milled 
and face hobbed hypoid gears.

Theoretical Background
The major differences between the face milling and face 

hobbing process are:
• In face hobbing, a timed continuous indexing is 
 provided, while in face-milling, the indexing is 
 intermittently provided after cutting each tooth side 
 or slot.
• The lengthwise tooth curve of face milled hypoid  

 gears is a circular arc with a curvature radius equal 
 to the cutter radius, while the lengthwise tooth curve 
 of face hobbed gears is an epicycloid that is kinemati- 

 cally generated by the indexing motion. 
• Face hobbing gear design uses the uniform tooth  

 depth system while face milling gear design uses the  
 tapered tooth depth system; i.e.—the pinion is the 

 driving member. The convex side of the gear tooth 
 and the mating concave side of the pinion tooth are 
 the drive sides.Figure 1—Bi-circular tool profile for pinion tooth finishing.
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and appropriate machine tool settings.
The tool surface, with bi-circular profile and for the gen-

eration of the driving side of pinion teeth, is in the coordi-
nate system Kr1 (attached to tool T1), defined by the following 
equation (and Fig. 1):

 

The Generation of Tooth Surfaces in 
Face Milled Hypoid Gears

A Gleason-type hypoid gear pair—with generated pinion 
and non-generated gear—is treated. The optimal tooth modi-
fications are introduced into the pinion tooth surface by using 
a cutter with bi-circular profile (Fig. 1), optimal tool diameter 

Nomenclature

c, c
i
 =  Sliding base setting, mm

d  =  Basic machine center to back increment
   setting for gear finishing, mm
e  =  Basic radial setting, mm
f, f

i
  =  Basic machine center setting, mm

g, g
i
  =  Basic offset setting, mm

h  =  Basic horizontal setting for gear   
  finishing, mm
h

d
  =  Distance from tilt center to machine  

  plane, mm
h

TM
  =  Position of cutter radii’s connection  

  point, mm
i
c
  =  Indexing ratio

i
g
, i

gi
  =  Velocity ratios in the kinematic scheme 

  of the machine tool for the generation  
 of pinion and gear tooth surfaces

N
b 

=  Number of head cutter’s blade groups
N

c
  =  Number of teeth of the imaginary 

  generating crown gear
N

w
  =  Number of teeth of the workpiece

N1, N2 =  Number of pinion and gear teeth
p

max 
=  Maximum tooth contact pressure, N/cm2

r
profi 

=  Radius of circular tool profile, mm
r

t1 =  Pinion finishing cutter radius, mm
r

t2 =  Gear finishing cutter radius, mm
s  =  Tooth thickness, mm
u, t =  Tool surface variables, mm
v  =  Basic vertical setting for gear finishing,  
  mm
x

epi
, z

epi
  = Coordinates of the center of the circular  

  blade profile, mm
x

T0i
, y

T0i
 =  Coordinates of the center of circular arc  

  tool profile, mm
z

eM 
=  Position of blade profile radii’s connection  

  point, mm
a  =  Profile angle of the straight-lined cutting  
  edge, deg
a1  =  Pinion finishing tool profile angle, deg
a2  =  Gear finishing tool profile angle, deg
b  =  Basic tilt angle setting for pinion finishing,  
  deg
b

F
  =  Load distribution factor

Δf2  =  Angular displacement of the driven gear  
  member, arc second 
Δf2s =  Angular displacement of the driven gear  

 member due to edge contact, arc second

Δf2
(d)  =  Dynamic angular displacement of the  

  driven gear member, arc second
Δf2

(k) =  Kinematic angular displacement of the  
  driven gear member, arc second
δ =  Basic swivel angle setting for pinion 
  finishing, deg
ε

h
 =  Angular misalignment of pinion axis, deg

f1, f2  =  Rotation angles of the pinion and gear,  
  respectively, in mesh, deg
f10, f20  =  Initial rotation angles of the pinion and  
  gear, respectively, in mesh, deg
γ

i
, γ0 =  Initial setting angle of head cutter axis, deg

γ1  =  Machine root setting angle for pinion  
  finishing, deg
γ2  =  Machine root angle setting for gear 
  finishing, deg
η

i
  =  Initial setting angle of head cutter, deg

n =  Parameter of circular cutting edge, deg
ĸ =  Tilt angle of cutter spindle with respect to  
  cradle rotation angle, deg
µ  =  Swivel angle of cutter tilt, deg
ω (c)  =  Angular velocity of the imaginary generat- 
  ing crown gear, deg
ω (r)  =  Angular velocity of the tool in pinion teeth  
  generation, sec −1

ω (T)  =  Angular velocity of the head cutter, sec−1

ω (w)  =  Angular velocity of the workpiece, sec−1

θ =  Tool surface variable, mm
r

c
  =  Radius of the rolling circle of the imagi- 

  nary generating crown gear, mm
r

t
  =  Radius of the rolling circle of the head 

  cutter, mm
ξ =  Tool surface variable, mm
ξ

i
  =  Offset angle of cutter blade, deg

ψ =  Cradle rotation angle, deg
ψ

i
  = Rotation angles of the pinion and the gear  

  in the generation of tooth flanks, deg
ψ

c  =  Rotation angle of the imaginary generating  
  crown gear in its generation, deg
ψ

ci
  =  Rotation angle of the imaginary generating  

 crown gear in pinion gear  tooth genera- 
 tion, deg

ψ
t
  =  Rotation angle of head cutter, deg
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(4)

 

(5)

where: q = a1 is in the case of straight-sided tool profile; q = 
v in the case of bi-circular profile and:

(6)

Matrices M
p1

 – M
p4

 provide the coordinate transformations 
from the coordinate system K

T1
 (attached to the tool) into the 

system K
1
 (attached to the pinion). The coordinate transforma-

tions are defined by the following equations (Fig. 2):
 

(7)
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where: i =1, 2—for pinion and gear, respectively.

In the case of straight-sided profile (Fig. 2), the equation 
of tool surface is as follows:

 

(2)

The generated tooth surface of the pinion (Fig. 2) is de-
fined by the system of equations:

 
(3)

 
where:           is the relative velocity vector of the tool T

1
 to 

the pinion, and         is the unit normal vector of the tool sur-
face.

On the basis of Figure 2 and Equations 1 and 2, for the 
relative velocity vector and for the unit normal vector of the 
tool surface, it follows that:

 

Figure 2—Machine tool setting for pinion tooth finishing.
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where 1q α  is in the case of straight-sided tool profile, 
νq  in the case of bicircular profile, and 
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(9)

 

(10)

The surface of the tool used for gear tooth processing is in 
the coordinate system K

T2 (attached to tool T2), defined by the 
equation (Fig. 3.):

 

(11)

The position vector of the formed gear tooth surface points 
is obtained by simple coordinate transformation of vector (Eq. 
11) from system K

T2 into the system K2 (attached to the gear), 
as follows:

 
(12)

The matrix of this coordinate transformation is given by 
the expression (Fig. 3):

 

(13)

The Generation of Tooth Surfaces in 
 Hobbed Hypoid Gears

In this paper the face hobbing process is based on the gen-
eralized concept of hypoid gear generation in which the mat-
ing pinion and gear can be considered respectively, generated 
by the imaginary generating crown gear shown in Figure 4. 
This imaginary generating gear is a virtual gear whose teeth 
are formed by the traces of the cutting edges of the head cutter 
blades (Fig. 5), although its tooth number is not necessarily 
an integer. Rather, it can be considered as a special case of a 
hypoid gear with a 90° pitch angle.

In the face hobbing process, two independent motions—
timed continuous indexing and generating motion—are su-
perimposed. The indexing motion between the tool and the 
imaginary generating gear forms the tooth surface of the gen-
erating gear with the extended epicycloid lengthwise tooth 
curve (Fig. 4). The indexing relationship can be expressed as:

 
(14)

where: w(t) and w(c) denote the angular velocities of the 
head cutter and the imaginary generating gear N

b
 and N

c
, the 

number of the head cutter’s blade groups, and the number of 
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Figure 3—Machine tool setting for gear tooth finishing.
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Figure 4—Concept of hypoid gear hobbing.
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teeth of the imaginary generating gear, respectively.
The second related motion is the rolling motion of the 

generating gear and the rotation of the workpiece-generated 
gear (Fig. 4). It can be represented as:
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where  tω  and  cω  denote the angular velocities of the 
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of teeth of the imaginary generating gear, respectively.  
The second related motion is the rolling motion of the 
generating gear and the rotation of the workpiece - gener-
ated gear (Fig. 4). It can be represented as 
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where: e is the radial machine setting.
In the system with non-tilting head cutter, the axes of 

the imaginary generating crown gear and of the head cutter 
are parallel. In the hypoid gear pair, where the convex gear 
flank rolls with the concave pinion flank, these are the “drive 
sides.” The other pair of flanks is the “coast side.” In Figure 
5, the inside blade generates the convex gear tooth flank and 
the outer blade generates the concave pinion tooth flank. The 
lengthwise curvature of the concave surface is modified by 
increasing the radius of the outer head cutter. In addition, the 
eccentricity Δ and orientation angle Δψ of the outer rotation 
center O

t0
 to inner rotation center O

ti
 are used to control tooth 

thickness and contact position. The inside and outer blades 
are rigidly connected to the rolling circles with centers O

ti
 and 

O
t0
, respectively. The effective cutting direction of the blades 

in the head cutter is not perpendicular to the cutter radius vec-
tor. The blades are moved in the head cutter tangentially to an 
offset position to accommodate the correct orientation with 
respect to the cutting motion vector. Therefore, the normal to 
the loci of blades at the middle point of tooth profiles, M

0
, has 

to pass through instantaneous centers of rotation O
i
 and O

o
 

simultaneously. The profile of blades in the plane (y
e
, z

e
) of 

coordinate system K
e
(x

e
, y

e
 and z

e
) may be a straight-lined or 

a circular arc in order to introduce tooth profile modification 
(Fig. 6).

Equation of the straight lined profile (based on Fig. 6a):

where: w(w) and N
w
 denote the angular velocity of the work-

piece and the tooth number of the workpiece, respectively; 
and i

g
 is the ratio of roll in the generation of pinion and gear 

tooth surfaces.
Figure 5 shows the relative position between the head cut-

ter and the imaginary generating crown gear. The relative po-
sition for two face hobbing methods for the implementation of 
the longitudinal tooth crowning of tooth flanks is presented:

• In the first system, two separate rotation centers  
 with non-tilting cutter head cutter is applied to achieve  
 lengthwise crowning.

• In the second method, cutter tilt is used to modify the
  curvatures of tooth surfaces.
In the generation process of the imaginary crown gear, the 

head cutter is rolling with its roll circle of radius r
t
 on the 

base circle of the imaginary crown gear of radius r
c
 without 

slippage. This rolling is realized by the rotations of the head 
cutter with angular velocity w(t) and of the crown gear with 
angular velocity w(c) around their axes in different directions 
(Fig. 5). The radii of rolling circles of the head cutter and of 
the generating crown gear are determined, respectively, by:
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Figure 5—Relative position between the head cutter and the imaginary generating crown gear.
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(18)

Equation of the circular arc profile (based on Fig. 6b):
 

(19)

 

where: sign = 1 for the convex tooth flank of the pinion and 
concave tooth flank  of the gear; and sign = –1 for the concave 
tooth flank of the pinion and convex tooth flank of the gear 
member.

The tooth surface of the imaginary generating crown gear 
produced by coordinate transformation from coordinate sys-
tem K

e
(x

e
, y

e
 and z

e
)—rigidly connected to the head cutter—to 

coordinate system K
c
(x

c
, y

c
 and z

c
)—connected to the imagi-

nary generating crown gear—is represented by the following 
matrix equation (Figs. 5 and 7):
 

(20)

The coordinate transformations between the main coordi-
nate systems K

e
(x

e
, y

e
 and z

e
), K

c
(x

c
, y

c
 and z

c
) and the auxiliary 

coordinate systems (Figs. 5 and 7), are performed as follows:
 

(21)

 

(22)

 

(23)

 

(24)

In the case of non-tilting head cutter:
 

(25)

Due to the indexing motion: ψ
t
 = i

c
 · (ψ

c
 − ψ

c0); where: ψ
c
 = − 

(900 – γ1) , or ψ
c0 = − (900 –γ0).
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Figure 6—Blade profiles.
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Figure 7—Rolling of head cutter and imaginary generating 
crown gear.
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To obtain the pinion/gear tooth surface in the generating 
process, the work gear is rolled with the imaginary crown 
gear. Figure 8 describes the coordinate systems between the 
imaginary generating crown gear and the work gears:

•  Coordinate system K
c
(x

c
, y

c
 and z

c
) is rigidly connected 

 to the generating crown gear;
•  Coordinate systems K

1
(x

1
, y

1
 and z

1
) and K

2
(x

2
, y

2
 and z

2
)

 are rigidly connected to the pinion and the gear, respectively.
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 (32)

Loaded Tooth Contact Analysis
In order to determine maximum tooth contact pressure 

and transmission error, the new method of load distribution 
calculation is applied (Ref. 22).

The load distribution calculation is based on the condi-
tions that the total angular position errors of the gear teeth 
being instantaneously in contact under load must be the same, 
and along the contact line (contact area) of every tooth pair 
instantaneously in contact, the composite displacements of 
tooth-surface points—as the sums of tooth deformations, 
tooth surface separations, misalignments, and composite 
tooth error—  should correspond to the angular position of the 
gear member. Therefore, in all the points of the instantaneous 
contact lines, the following displacement compatibility equa-
tion should be satisfied:

 
(33)

where: Dy
n
 is the composite displacement of contacting sur-

faces in the direction of the unit tooth surface normal   ,    is 
the position vector of the contact point, r

D
 is the distance of 

the contact point to the gear axis, and      is the unit vector of 
the gear axis.

The composite displacement of the contacting surfaces in 
contact point D, in the direction of the tooth-surface normal, 
can be expressed as:

 
(34)

where: z
D
 is the coordinate of point D along the contact line, 

w(z
D
) is the total deflection in point D, s(z

D
) is the relative 

geometrical separation of tooth-surfaces in point D, and e
n
 

(z
D
) is the composite error in point D, which is the sum of 

manufacturing and alignment errors of pinion and gear.
The total deflection in point D is defined by the following 

equation: 
 

(35)

The tooth surfaces of the pinion and gear are defined by 
the following system of equations:

 
(26a)

 (26b)

The coordinate transformations between the main coor-
dinate systems K

c
 (x

c
, y

c
,z

c
), K

1
(x

1
,y

1
,z

1
), K2 (x

2
,y

2
,z

2
) and the 

auxiliary coordinate systems (Fig. 8), are performed as fol-
lows:

 

(27)

 

(28)

 

(29)

 

(30)

where: the velocity ratio in the kinematic scheme of the ma-
chine tool for the generation of pinion and gear tooth surfaces 
is:

 
(31)

The normal surface vector of the imaginary generating 
crown gear for pinion and gear tooth-surface generation is:
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 Figure 8—Generation of pinion and gear tooth surfaces.
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 •	 f2 is the instantaneous angular position of the gear for  
  a particular angular position of the pinion f1.

•	 N1 and N2 are the numbers of pinion and gear teeth,  
  respectively.

•	 Df
2s

 is the angular displacement of the gear due
  to edge contact misalignment of the mating members
  when a “negative” separation occurs on a tooth pair 
  different from the tooth pair for which the angular 
  position is calculated.
The angular displacement of the gear, Df

2
(d), caused by 

the variation of the compliance of contacting pinion and gear 
teeth rolling through mesh, is obtained as one of the results of 
the load distribution calculation. Therefore, the total angular 
position error of the gear is defined by the equation:

 
(39)

Computed Results
The computer program, based on the theoretical back-

ground presented, has been applied for the investigation of 
the combined influence of machine tool settings; head cut-
ter’s profile and diameter for pinion finishing; misalignments 
of the mating members on load distribution; maximum tooth 
contact pressure (p

max
); and angular displacement of the driv-

en gear member from the theoretically exact position based 
on the ratio of the number of teeth (Df

2max
). The calculation 

was carried out for the hypoid gear pair of design data given 
in Table 1.

The influence of machine settings; sliding base setting (c); 
basic machine center (f); basic offset setting (g); swivel angle 
(d) (Fig. 2) on maximal tooth contact pressure (p

max
); load dis-

tribution factor (b
F
); and transmission error (Df

2
) is shown 

in Figs. 9–12. Factors k
p max

, kbF
 and kDf2

 represent the ratios 
of maximum tooth contact pressures, load distribution factors 
and transmission errors obtained by applying arbitrarily cho-
sen values of machine tool setting parameters for pinion tooth 
generation and obtained by applying the basic values of these 

where: L
it
 is the geometrical length of the line of contact on 

tooth pair i
t
, K

d
(z

D
, z

F
) is the influence factor of tooth load act-

ing in tooth-surface point F on total composite deflection of 
pinion and gear teeth in contact point D. K

d
 includes the bend-

ing and shearing deflections of pinion and gear teeth, pinion 
and gear body bending and torsion, and deflections of sup-
porting shafts. A finite element computer program is devel-
oped for the calculation of bending and shearing deflections 
in the pinion and in the gear. K

c
 (z

D
) is the influence factor 

for the contact approach between contacting pinion and gear 
teeth—i.e., the composite contact deformation in point D un-
der load acting in the same point, and p(z

F
), p(z

D
) are the tooth 

loads acting in positions F and D, respectively.
As the contact points are at different distances from the 

pinion/gear axis, the transmitted torque is defined by the 
equation:

 
(36)

where: r
F
 is the distance of the loaded point F to the gear axis,   

is the tangent unit vector to the circle of radius r
F
, passing  
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continued

t0F
→

through the loaded point F in the transverse plane of the gear, 
and N

t
 is the number of gear tooth pairs instantaneously in 

contact.
The load distribution on each line of contact can be cal-

culated by solving the nonlinear system of Equations 33–36. 
An approximate and iterative technique is used to attain the 
solution. The contact lines are discretized into a suitable num-
ber of small segments, and the tooth contact pressure, acting 
along a segment, is approximated by a concentrated load, DF, 
acting in the midpoint of the segment. The actual load distri-
bution, defined by the values of load DF, is obtained by using 
the “successive-over-relaxation method.” In every iteration 
cycle, a search for the points of the “potential” contact lines 
that could be in instantaneous contact is performed. For these 
points, the following condition should be satisfied:

 
(37)

The details of the method for load distribution calculation 
in hypoid gears are described in Reference 22.

Transmission Error
Total transmission error consists of kinematical transmis-

sion error due to a mismatch of the gear pair, eventual tooth 
errors, misalignment of the meshing members and transmis-
sion error caused by tooth deflection.

It is assumed that the pinion is the driving member and is 
rotating at a constant velocity. As the result of the gears mis-
match, a varying, angular velocity ratio of the gear pair—and 
an angular displacement of the gear member from the theo-
retically exact position based on the ratio of the number of 
teeth—occur. This angular displacement of the gear can be 
expressed as:

 
(38)

where:
•		 f10 and f20 are the initial angular positions of the 
 pinion and the gear.

 
Table 1—Pinion and gear design data  

 Pinion
Number of teeth 

  mm ,eludoM
Running offset, mm   
Outside diameter, mm 
Face width, mm 
Crown to crossing point, mm 
Front crown to crossing point, mm  
Mean radius, mm
Mean spiral angle, deg
Pitch angle, deg
Face angle of blank, deg
Root angle, deg
Pitch apex beyond crossing point, mm
Face apex beyond crossing point, mm
Root apex beyond crossing point, mm 
Mean addendum, mm 
Mean dedendum, mm 
Mean working depth, mm 
Minimal normal topland width, mm

11 41

31.911

25.4
181.85977.585
27.762

86.998 30.671
57.684
27.495 77.274

50.2597 32.3007
18.5400 70.5799
23.2733 71.5859
17.5722 65.6684

-0.023
3.193 -0.398
5.735 0.767

1.083
6.295
6.372
1.930

   Gear 

4.41402
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parameters calculated by the Gleason or Litvin, et al., method 
(Refs. 41–42).

On the basis of obtained results, optimization of the ma-
chine tool setting was performed. By applying the optimized 
machine tool setting, the maximum tooth contact pressure 
was reduced by 5.8% and the angular position error of the 
driven gear by 65.4% when the pinion is finished by the ma-
chine tool setting determined by the commonly used methods.

The investigations have shown that a much better tooth 
contact pattern and less transmission error are obtained by fin-
ishing the pinion teeth with a cutter profile consisting of two 
circular arcs with radii of r

prof1
 = 300 mm, r

prof2 = –1,150 mm 
(it means that the tool profile segment of radius r

prof2 is con-
vex), and when the cutter radius is corrected with Δr

t1
 = – 0.18 

mm. By applying these optimal values of cutter parameters, 
the maximum tooth contact pressure is reduced by 16% and 
the angular position error of the driven gear by 179%.

The influence of the angular misalignment of the pinion’s 
shaft e

v
 and the cutter’s parameters on maximum tooth contact 

pressure was investigated. The computer simulation of loaded 
tooth contact analysis has shown that the influence of angular 
pinion shaft misalignment on the optimal value of profile ra-
dius r

prof1
 is negligible, but its effect on optimal profile radius 

r
prof2

 is considerable (Fig. 13). It can be noted that the optimal 
values of profile radius r

prof 2
 are moved towards its higher 

values by the increase of angle e
h
 (Fig. 13). The character of 

curves in Figure 14 indicates that angular shaft misalignment 
has little effect on optimal cutter radius correction.

Conclusions
A method is presented for the optimization of machine 

tool setting parameters and cutter for pinion finishing of 
face milled and face hobbed hypoid gear pairs. The aim of 
this optimization is to improve load distribution by reducing 
maximum tooth contact pressure and transmission error. On 
the basis of the obtained results the following conclusions are 
made:

• By applying the optimized machine tool setting, the
  maximum tooth contact pressure is reduced by 5.8%,
 the load distribution factor by 5.9%, and the angular
  position error of the driven gear by 65.4% when the
  pinion is finished by the machine tool setting 
 determined by the commonly used methods.
• By applying the optimal cutter profile and diameter 
 for pinion finishing, the maximum tooth contact 
 pressure is reduced by 16% and the angular position
 error of the driven gear by 179%, when the hypoid 
 gear pair is manufactured by cutter parameters 
 determined by the commonly used methods. Also,
  by applying the optimal cutter parameters, the influ
 ence of shaft misalignments on maximum tooth 
 contact pressure is reduced.
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