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Demands for higher performance have caused a need for 
improved component characteristics, e.g. — through surface 
strengthening of gears and increased cleanliness of gear steels. 
Unfortunately, a resultant drawback is that cracks in such high-
strength gears are more often initiated in the material matrix at 
non-metallic inclusions and not at the surface. In standardized 
calculation methods, the degree of cleanliness of steels is not yet 
directly correlated to the tooth root load carrying capacity. This 
paper considers the effects of non-metallic inclusions in the 
steel matrix on the tooth root strength based on the theoretical 
approach of Murakami.

Nomenclature

The trend towards higher performance requirements is becom-
ing ever more important for gear manufacturers. According 
to the current state of knowledge, there are two common 
approaches for increasing the power density: either to build 
smaller gearboxes with equal transmittable power or to increase 
the transmittable power without changing the dimensions. 
Consequently, approaches such as the surface strengthening of 
gears have become more important in the last decade. In addi-
tion, a lot of effort has been invested by steel manufacturers in 

improving material properties, such as an increased cleanliness 
of the steel or use of new alloy combinations.

Unfortunately, the approaches are not without drawbacks, 
such as cracks in high-strength gears that are now more often 
initiated in the material matrix and not at the surface — even 
after years of operation. If such damage mechanisms occur dur-
ing operating, they result in high costs and are a major problem 
for both gear manufacturers and operators.

Most of these sub-surface-initiated cracks occur at non-
metallic inclusions; therefore the degree of cleanliness of the 
steel used is highly important. In standardized calculation meth-
ods, e.g. — ISO 6336-3 (Ref. 15) or DIN 3990-3 (Ref. 17) — the 
degree of cleanliness of steels has not yet been directly cor-
related to the tooth root (bending) load carrying capacity. 
Therefore, it is not yet possible to determine the actual bending 
strength of high-quality gears.

The theoretical approach of Murakami (Ref. 2) provides a first 
basis for determining the load carrying capacity for component 
parts with non-metallic inclusions. The research conducted for 
this paper is based on this approach and on extensive experi-
mental results obtained on FZG back-to-back gear test rigs and 
pulsator test rigs.

It can be shown that the model of Murakami can be adapted 
for gears. The developed model is in good correlation with the 
experimental results. This paper shows how these results allow 
a consideration of the effects of non-metallic inclusions in the 
matrix of gear steels on the tooth root bending strength.

Basics
The cracking mechanism of shotpeened gears is different from 
that of un-peened gears. Due to high beneficial, compressive 
residual stresses in the area near to the surface, the critical stress 
for crack initiation lies below the surface. In the event of a non-
metallic inclusion in this area, the stress is increased even more 
due to local stress step-up.

A typical crack area caused by a crack initiation at a non-
metallic inclusion is illustrated (Fig. 1). This kind of crack 
mechanism is known as “fish-eye-failure” because of the typical 
appearance. Typically, a non-metallic inclusion is surrounded by 
an optically dark area (ODA) — also known as granular bright 
face (GBF) or fine granular area (FGA). As soon as the fish-eye 
reaches the surface, the crack propagates rapidly through the 
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Symbol Unit Parameter
HV HV Vickers hardness of the steel matrix
K MPa √m stress intensity factor
KA – application factor
Kv – dynamic factor
KFβ – face load factor for tooth root stress
KFα – transverse load factor for tooth root stress
M – mean stress sensitivity
ME – residual stress sensitivity
mn mm normal module

√area m square root of a defect area projected onto a plane 
perpendicular to the applied stress

σA N/mm2 local fatigue strength
σF N/mm2 maximum tooth root stress at the surface
σF0 N/mm2 nominal tooth root stress at the surface

σinclusion N/mm2 local load induced stress at the depth of the non–
metallic inclusion

σm N/mm2 local mean stress
σRS N/mm2 residual stress
σW N/mm2 local bending fatigue strength

σinclusion
σA

– local material strength ratio
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rest of the material and the part fails.
Non-metallic inclusions in gear steels. In gear steels such as 

16MnCr5 and 18CrNiMo7-6, the common non-metallic inclu-
sions are manganese sulphides in the case of MnCr-alloyed 
steels and aluminum oxides in the case of CrNiMo-alloyed 
steels. The shape of manganese sulphide inclusions is primarily 
oblong, while the shape of aluminum oxide inclusions is pri-
marily spherical (Refs. 7–8).

The cracks are primarily initiated at non-metallic inclu-
sions, so the fewer the number and the smaller the inclusions, 
the lower is the probability of crack ini-
tiation at such inclusions. In the case 
of MnCr-alloyed steels, the cracks are 
primarily initiated at manganese sul-
phide inclusions (Fig. 2a); in the case of 
CrNiMo-alloyed steels the initiators pri-
marily occur at aluminum oxide inclu-
sions (Figs. 2b and 2c) (Refs. 7–8).

Test rigs. To substantiate the model 
approach, extensive experimental tests 
were performed on FZG back-to-
back test rigs with a center distance of 
a = 91.5 mm (Ref. 14) and on pulsator 
test rigs (Ref. 8). The FZG back-to-back 
gear test rig utilizes a recirculating power 
loop principle (Fig. 3a) to supply a fixed 
torque to a pair of test gears in the test 
gearbox. A three-phase asynchronous 
electric motor drives the test rig at a con-
stant speed. Test pinion and test gear 
are mounted on two parallel shafts that 
are connected to a drive gear stage with 
the same gear ratio. The shaft of the test 
pinion consists of two separate parts 
connected by a load clutch. A defined 
static torque is applied by twisting the 
load clutch. The torque can be controlled 
indirectly at the torque-measuring clutch 
by twisting the torsion shaft. (Ref. 10)

On the pulsator test rig the test gear is 
fixed over, for example, four teeth between two clamps (Fig. 3b); 
a defined mid-load is applied by the mid-load actuator. The vari-
able exciting mass, pole spring, and upper clamp are excited by 
the exciting magnet to test the test gear. To obtain a uniform load 
distribution for all tests, the clamping was always symmetrical 
and fine flank angle deviations were adjusted. (Ref. 19)

Test gears. The test gears were made of the steel grades 
16MnCr5, 20MnCr5 and 18CrNiMo7-6, supplied by various 
steel manufacturers with a higher degree of cleanliness than 
common grades. The cast processes, ingot, and continuous cast-
ing were used in combination with metallurgic processes such as open-
melted or electro-slag re-melt (ESR). A few special grades, such as alumi-
num-free, complete the test matrix. A total of 17 different steel variants were 
tested in three gear sizes.

The test gear sizes used were mn = 1.5 mm, mn = 5 mm and mn = 10 mm; 
an excerpt of the gear data is listed in Table 1. All three test gear sizes were 
tested on the pulsator test rig. Tests on the FZG back-to-back test rig were 
performed with module mn = 1.5 mm gears only.

Figure 1 � Schematic illustration of sub-surface crack growth around a 
non-metallic inclusion (Ref. 9).

Figure 2 � Typical non-metallic inclusions in gear steels.

Figure 3 � Test rigs at the Gear Research Centre (FZG) at the Technical University of Munich (TUM).

Table 1 � Excerpt of the test gear data (Refs. 7–8)
normal module in mm mn = 1.5 mn = 5 mn = 10

test rig FZG back-to-back 
test rig Pulsator test rig

center distance 91.5 mm –
tooth number z1/z2 59 / 61 24

gear width 8 30
standard pressure angle 20°

helix angle 0°
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A scanning electron microscope (SEM) and an energy-dispersive 
X-ray spectrometer (EDX) were used to analyze the non-metallic 
inclusions in the fractured surfaces. Amongst other things, the area 
and distance from the surface of the 
non-metallic inclusions were ana-
lyzed (Fig. 4).

Measured distances from the 
surface were between 77 μm and 
1,377 μm across all the gear sizes 
tested. The average for the gears with 
module mn = 1.5 mm was 138 μm; for 
module mn = 5 mm 227 μm; and for 
module mn = 10 mm 1,067 μm. In the 
current research all of the non-metal-
lic inclusions that were responsible 
for causing a failure were located 
within the case hardened layer 
(Fig. 5).

The parameter √area used in the 
theoretical approach of Murakami 
(Ref. 2) is the square root of a defect 
area projected onto a plane perpen-
dicular to the applied stress (Fig. 6). 
It shows an internal crack in the x–y 
plane of an infinite solid that is sub-
ject to a uniform remote tensile stress 
σ0 in the z-direction.

Model Approach
The local material strength ratio 
σinclusion/𝜎A — which defines theoreti-
cally whether crack initiation occurs 
or not — is the ratio of the local stress 
at the non-metallic inclusion σinclusion 
to the local bending fatigue strength 
σA (Fig. 7). However, certain input fac-
tors are necessary for calculation and 
these are presented below.

Figure 5 � Average distance and scatter range of the distance of the non-metallic inclusions from the 
surface and comparison with the minimum case depth of the three test gear sizes.

Figure 6 � Arbitrarily shaped 3D internal 
crack (“area” = area of crack) 
(Ref. 2).

Figure 7 � Schematic diagram of the procedure of the calculation study (Ref. 7).

Figure 4 � Typical analysis of the characteristics of a manganese-sulphide non-metallic inclusion.

a) Measured distance from the surface b) Measured area of the inclusion
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Determination of local stress at the non-metallic inclusion: 
σinclusion. A number of steps are required to determine local 
stress at the non-metallic inclusion σinclusion. First, in accor-
dance with ISO 6336-3 (Ref. 15) or DIN 3990-3 (Ref.17), the 
maximum tooth root stress at the surface σF must be calculated 
according to Equation 1, based on the pulsator normal force or 
pinion torque.

(1)σF = σF0 ∙ KA ∙ KV ∙ KFβ ∙ KFα

Next, the depth profile of the load stress (1st main normal 
stress), determined using the finite element method (FEM) 
(Fig. 8), is required to convert the value at the surface to a value 
at the specific local distance from the surface of the non-metal-
lic inclusion. The local distance is determined by examination 
of the fractured surface of the broken tooth using the scanning 
electron microscope (SEM). These input factors form the local 
stress at the non-metallic inclusion.

Determination of the local fatigue strength: σA. The local 
bending fatigue strength σW according to Murakami must be 
determined based on Equation 2, using the measured area of 
the non-metallic inclusion √area and the local Vickers hardness 
HV — which are both determined by measurement.

(2)
σW = 1.56 ∙ (HV + 120)

(√area)1/6

By considering the local mean stress σm and residual stress 
σRS the local bending fatigue strength σW can be reassessed 
using the Goodman approach to form an equivalent local 
fatigue strength σA (Eq. 3). To do so, the local hardness and the 
local residual stress must be measured. Based on a depth pro-
file of the load-induced specific local stress determined using 
FEM, the local mean stress σm is calculated. The influence of 
the mean and residual stress is evaluated by the tensile strength 
respectively, according to Stenico (Ref. 18); the tensile strength 
is calculated using the local hardness.

(3)σA = σW – M ∙ σm – ME ∙ σRS

On the basis of comparable case hardness and core hardness 
of the steel used and previous investigations (Refs. 12, 18) the 
parameters M = 0.3 and ME = 0.2 were used.

Results
As described in the previous section, the non-metallic inclu-
sions were investigated and measured using a SEM and the 
stress intensity factor K calculated according to Equation 4. 
The stress intensity factor K is plotted against the number of 
load cycles N until failure (Fig. 9).

(4)K = 0.5 ∙ σinclusion ∙ √π ∙ √area

The results show that with decreasing local stress step-up, i.e. 
a smaller inclusion size and/or local stress, the number of load 
cycles N until tooth root failure increases. Crack propagation is 
slower at greater distances from the surface of the non-metallic 
inclusion, or if the local stress is lower and therefore the high 
cycle fatigue lifetime increases.

Based on the extensive experimental data, an asymptotic 
trend and consequently a limiting threshold of the stress inten-
sity factor K are to be expected. The results are also in agree-
ment with other research (Refs. 2, 3, 6 and 18). The alumi-
num-free variant S3 differs from the other variants. This can 
be explained by the specific production route, as well as the 

Figure 8 � Depth profile of the load-induced specific local tooth root stress 
relative to the surface determined using the finite element 
method (1st main stress) (Ref. 7).

Figure 9 � Estimation of the local stress intensity factor K according 
to Murakami (Ref. 2) plotted against the experimentally 
determined number of load cycles N until tooth root failure 
(Ref. 7).

Figure 10 � Estimated local bending fatigue strength σW taking into con-
sideration of non-metallic inclusions according to Murakami 
(Ref. 2) for the experimentally performed tooth root load carry-
ing capacity tests (Ref. 7).
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special heat treatment.
According to Equation 2, a local bending fatigue strength 

σw for each determined failure can be estimated by taking into 
consideration the hardness depth profile and the local hardness 
near the non-metallic inclusion (Fig 10). The results indicate 
that with increasing inclusion size (√area), the local bending 
fatigue strength σW decreases in agreement with Murakami 
(Ref. 2).

An estimation of the local fatigue strength σA according to 
Equation 3 is possible based on the approach of Macherauch 
and Wohlfahrt ((Refs. 1, 11) according to (Ref. 6)), taking into 
consideration the existing mean stress and residual stress. The 
local material strength ratio σinclusion/σA is plotted against the 
number of load cycles N until failure in Figure 11.

Most of the tests with load cycles below 107 comply with the 
common knowledge of the strength of materials and the model 
approach according to Murakami (Ref. 2). A crack initiation 
can occur when the local material strength ratio σinclusion/σA is 
greater than 1. Almost all data points for N < 107 are in the range 
1.0 ± 0.1. Only when the number of load cycles is greater than 
107 does an increased number of test points fall outside this 
range that is below 0.9. However, it should be noted that the 
model used according to Murakami firstly only has a test accu-
racy of ±10% and is only valid up to 107 load cycles. According 
to Murakami, the optically dark area (ODA) must also be con-
sidered for higher numbers of load cycles (Ref. 5).

The results show that, in general, the model approach devel-
oped by Murakami (Ref. 2) can be applied to high-strength 
gears and that a direct correlation between the tooth root load 
carrying capacity and the degree of cleanliness of high-strength 
gears exists.

Conclusion
In modern engineering, surface strengthening of gears and 
increased cleanliness of gear steels have become more impor-
tant. However, a resulting drawback is that cracks initiate more 
frequently at non-metallic inclusions, and not at the surface. In 
standardized calculation methods such as ISO 6336-3 (Ref. 15) 
or DIN 3990-3 (Ref. 17), the degree of cleanliness of gear steels 
is not currently directly correlated to the tooth root load carry-
ing capacity.

It can be shown that, subject to a few restrictions, an approach 
for correlating between the cleanliness of gear steels and the 
resulting tooth root load carrying capacity based on the theoret-
ical approach of Murakami (Ref. 2) is now possible. The results 
of the current research work show good agreement with the 
research work of Murakami. However, validation of the scatter 
range would be beneficial. The model approach for Murakami 
for N > 107 is basically applicable to gears; however, further 
research work is necessary. 
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Figure 11 � Local material strength ratio σinclusion/σA plotted against the 
number of load cycles N until failure; load cycle limit of 107 
according to Murakami (Refs. 2 and 7).
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