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Abstract:
An investigation of transmission errors and bearing con-

tact of spur, hel icaland spiral bevel gears was performed.
Modified tooth surfaces for these gears have been proposed
in order to absorb linear transmission errors caused by gear
misalignment and t.o localize the bearing contact. Numerical
examples for spur, helical, and spiral bevel gears are
presented to illustrate the behavior of the modified gear sur-
faces with respect to misalignment and errors of assembly.
The numerical results indicate that the modified surfaces will
perfonn with a low level of transmission error in non-ideal
operating environments.
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Introduction
The most important criteria of gears are the level of their

noise and bearing contact. A main source of gear noise is
transmission errors. Traditional methods of gear synthesis
that provide conjugate gear tooth surfaces with zerotransrnis-
sionerrors and an instantaneous line of contact are not accep-
table for the gearing industry due to errors of manufacturing
and assembly. Taking into account such errors, the bearing
contact is shifted to the edge of the teoth, and transmission
errors of an unfavorable shape occur. The new trend of gear
synthesis is to localize bearing contact and absorb the
transmission errors. These goals may be achieved by a new
topology of gear tooth surfaces, and this is the subject of this
article.

Si.mulation of Meslting
The investigation of gear misalignment requires a

numerical solution for the simulation of meshing and contact
of gear tooth surfaces. The basic ideas of this method(2.JJ are
asFollows:

(1) The meshing of gear tooth surfaces is considered in a
fixed coordinate system, SF!'.

(2) Due to the continuous tangency of gear tooth surfaces,
the position-vectors, c:) and r~), and the surface unit
normals, r{l) and rt2), must be equal at every instant.
(Fig. 1).

(3) Simulating the errors of manufacturing and assembly
and considering that the gear tooth surfaces are in point
contact, we may determine function tb2 (tbl) that
relates the angles of rotation of the gears.

Then, the transmission errors will be determined
from the equation

t1tb2('¢l) = tbZ(¢l) - Nt tb]
Nz

(1)

where ¢2(¢1) is the function obtained numerically,
with the aid of the developed computer program, and
Njand Nz are the numbers of tee-tho -



'Simulation of Bearing Contact
The requirement that

provides the infonnationabout the path of contact on the
tooth surface. Due 'to theelastic approach 'of the gear tooth
surfaces, their contact is spread over an elliptical area. It is
assumed that the magnitude 'Ofthe elastic approach is known
from experiments or may be computed. Knowing in addition
the principle curvatures and directions for two contacting sur-
faces at their point of contact, we may determine the dimen-
sions and orientation of the contact ellipse.(2-J)The instan-
taneous point of contact is the center of symmetry of the con-
tact ellipse. The set of 'contact ellipses representsthe bearing
contact. Simulating the errors 'Of manufacturing and
assembly, we are able to determine the real path of contact
on the gear tooth surface and the real bearing contact.

Partial Compensation of Transmission Errors
The investigation of the effect of errors of assembly and

machine tool settings shows that the real transmission func-
tion is a piece-wise linear or almost linear function (Fig. 2a).
The transmission errors that are represented by Equation 1
are shown in fig. lb. Transmission errors of this type cause
an instantaneous jump of the angular velocity of the driven
gear at the transfer points, and vibration becomes inevitable.
(At transfer points one pair of teeth in mesh is changed for
next pair.) The proposed approach allows absorption of the
transmission errors by modifying the gear tooth surfaces. The
modification is directed to provide a predesigned parabolic
function of transmission errors that will be able to absorb
linear functions of transmission errors, The predesigned
parabolic function of transmission errors will exist even for
aligned gears. However, when the gears are misaligned, piece-
wise lineal' transmission errors (Fig. 2b) will not occur. This
is based on the possibility of a linear function being absorb-
ed by a parabolic 'One,

Consider the interaction of a parabolic function given by
(Fig.3a)

witha linear function represented by

The resulting function

11~ = b¢1 - a<l>i

may be represented in a new coordinate system by (Fig. 3b):

"'2 = -a~

where

(2)

<1>,

10)

[bl

(3)
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We consider that 1l.¢2(1) = - a4>! is the predesigned func-
tion that exists even if misalignments do not appear . The ab-
sorption of function 1l.¢2 (2J = WI by the parabolic function
il¢2 (1) = - a¢! means that gear misalignment does not
change the predesigned parabolic function of transmission
errors. Thus the resulting functions of transmission errors
1l.·¢2 = ·t:.4>zm + t:.4>z(2) will keep its shape as a parabolic
function, although the gears are misaligned. Theresulting
function of transmission errors 4>Z(4)l) may be obtained by
translation of the parabolic function ¢2 (1).

The absorption of a linear function of transmission errors
by a parabolic function is accompanied by the change of
transfer points. The transfer points determine the position of
the gears where one pair of teeth is going outof mesh and the
next pair is coming into mesh. It is necessary to emphasize
that theoretically the contact ratio of gears with transmission
errors is one ..The real contact ratio can be larger than one
only due to elastic deformations, The change of transfer

points is determined with tl¢h = I~'Iand tl<Pz. = b
2

. The
2a 4a

cycle of meshing of one pair of teeth is 4>1 = 27r. It may ~
N

happen that the absorption of a linear function by a para-
bolic fundi on is aocompanied by a change of transfer points
that is too large. If this occurs, the transfer points and the
resulting parabolic function of transmission errors, Vt2(!fI),
win be represented as a discontinous function for one cycle
of meshing (Fig. 4,) To avoid this, it is necessary to limit the
10 Gear Technology
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tolerances for gear misalignment or increase the level of the
predesigned parabolic function.

Modification of Pinion Tooth Surface for Spur Cears
The gear is provided with a regular involute surface. The

pinion is provided with a crowned tooth surface, and two
types of the crowned surface areconsidered. The surface of

a
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the first type is considered as a surface of revolution (Fig. 5)
whose axial sections slightly deviate from. a regular involute
curve. The surface of the second type is based on the method
of generation that is presented in Fig. 6.

Pinion Tooth Surface as a Surface of Revolution. Con-
sider first that the axial section of the pinion tooth surface
is ill regular involute curve. The pinion tooth surface, which
is a surface of revolution, may be generated by rotation of
the involutecu.rve about the a-a axis (Fig. S.) It is evident that
the pinion and gear tooth surfaces will contact each other in
the middle cross-section and transform rotation with a con-
stant gear ratio if the gears are not misaligned. However, it
is necessary to compensate for thetransmissionerrors of
misaligned gears. For this reason the shape of the pinion is
to be synthesised as a curve that deviates from an involute
curve to provide a predesigned parabolic function of
transmission errors.

The sections oJ the pinion tooth surface that are perpen-
dicular to axis ill-a(Fig. 5) are circles. The radius of such a cir-
cle for the mean contact point may be determined from the
requirements to the dimensions of the contact ellipse.

The proposed pinion tooth surface may be generated by
form-grinding or by ill computer controlled grinding or cut-
ting machine.
Example 1. Given numbers of teeth N1=20, N2 = 40,

diament.ral pitch P = 10 1 , then, pressure angle l/!c =
in

20° . The pinion tooth surface is crowned as described above,
and ill. parabolic function of transmission errors with the level
of 2 arc seconds has been predesigned.

The influence of gear misalignment has been investigated
with the developed TCA program for the following cases:

Table 1. Function of Transmlssicn Errors,

r:p/"l -3 0 3 1 6 1 9 1 12 1 15 1
(" -0.71 '0.00 0.40 1 0.50 1 0.33 1-0.09[-0.741.1.cb2

Table 2. Function of Transmission Errors.

«: -10 -7 -4 -1 0 1 2 1 5 1 8 1
(U) -2.02 -0.92 -0.24 0.01 0.00 1-0.161-0.751-1.7811l¢2

Case 1. The change of the center distance is ac = 1% ;
c

the gear axes are not parallel, but crossed, and the twist angle
is 5 arc minutes ..The resulting function of transmission er-
rors is still a parabolic one with the maximum value of 1.2
arc seconds as shown in Table L
Case 2. The axes of the same gears are intersected and form
an angle of 5 arc minutes. The resulting function of transmis-
sion 'errors is again a parabolic one with the maximal value
of 2 arc seconds as shown in Table 2.

Generation of the Pinion Tooth Surface by 'tool With a
Surface of Revolution. Consider that two generating sur-
faces - a plane and a cone - are rigidly connected with
each other and generate the gear tooth surface and the pin-
ion crowned tooth surface, respectively. (Fig. 6.) The
generating plane is the surface of a regular rack 'CUtter.In the
process of generation the rack cutter and the cone perform

a translational motion, while the pinion and the gear rotate
about their axes. (Fig..7.) The rotation of the cone about its
axis c-c is not related to other motions for the tooth surface
generation, and the angular velocity of the cone depends
only on the desired velocity of cutting. The tool for 'the
crowning of the pinion can be designed as a grinding wheel
or as a shaver. The opposite side of the pinion tooth is to he
generated separately.

The described process of crowning of the pinion by a
regular cone provides an involute shape of the pinion tooth
surface in its middle section. The crowned pinion and the in-
volute gear, if they are not aligned, can transform rotation
without transmission errors. Also, their bearing contact is
localized. But in reality, due to the misalignment of gears,
they will transform rotation with a piece-wise linear func~
tion of transmission errors. (Fig. 2.) To absorb such errors
it is necessary to.predesign a parabolic function of transmis-
sion errors ..This can be achieved if a tool surface of revolu-
tion that slightly deviates from the cone surface is used . (Fig.
8.) The curvature radius e and the level of predesigned
transmission errors of parabolic type are related. The deter-
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mination of e is the subject of synthesis of the pair of gears
with the crowned pinion.
Example 2. The input data are the same as in ExampleL The
parameters ot the tool surface (Fig. .8) are: ()= 200

, e = 500
in., R = 10.6". The influence of misalignment has been in-
vestigated by the developed computer programs for two
cases. .::!I.C
Case 1. The change of center distance is - = 1 %, and

C
the twist angle of crossed axes is 10 arc minutes. The
resulting function of transmission errors is of a parabolic.
type with the maximum value of 0..28 arc seconds as shown
in Table 3.
Case 2. The gear axes are interesected and form an angle of
10 arc minutes. The resulting function of transmission errors
is of a parabolic type with the maximum value of 0.34 arc
seconds as shown in Table 4.

Table 3. Function of Transmission Errors.

Table 4. Function of Transmission Errors.

Modificat:ion of Pinion Tooth Surface
for Helical. Gears with Pa:rall.el Axes

The crowning of the pinion of helical gears with a parallel
axis is directed at the achievement of two goals: (i) to localize
the bearing contact, and (ii) to reduce the level of transmis-
sion errors. These goals are contradictive, and in some cases
a compromise solution has to be found. The folJowing
methods for crowning are based on: (i) generation of the
pinion tooth surface by a tool with a surface of revolution,
(Fig, 8,) (ii) generation of the pinion with circular arc teeth,
and (iii) the change of the lead angle.

Generation of Helical Pinion Tooth Surface by a Surface of
Revolution. The method of generation is based on the same
ideas that have been developed for the generation of spur
pinions ..The only difference is the installment of the tool.
Consideringagain two generating surfaces, (Fig, 6,) we have
to require that the generating plane will be installed as a skew
rack cutter and form with the gear axis an angle that is equal
to or approximately equal to the helix angle on the pitch
cylinder. By varying the installment angle, a.slight change in
the orientation of the bearing contact can be made. It is
necessary to emphasize, however, that the path of contact
will be in the middle section of the gear tooth or near this
direction. (Fig..9.) The results of investigation of helical gears
with crowned pinion tooth surfaces are represented in the
following example.
Example 3. Given: Nl = 20, N2= 40, diametral pitch in the
normal section = Pn = lOin - \ the pressure angle in the
normal section is 1f = 200

, the helix angle on the pitch
cylinder is f3 = 15°, Parameters of the surface of revolution
(Fig. 8.) are () = 20°. e = 30 in., R= 10.6 in. Helical gears
with modified pinion tooth surface provide a parabolic type
I 2 Gear Technology

of predesigned transmission error with d = 6 arc seconds,
(Fig. 3a.) and a path contact that is directed across the tooth
surface. (Fig..9.)

The influence of gear misalignment has been investigated
by computer program, and the results of computation are
represented in Tables 5 and 6 for crossed and intersected gear
axes, respectively. The misalignment of gear axes is 5 arc
minutes.

Table 5. Transmisson Errors of Crossed Helical Gears.

Table 6. Transmission Errors of Intersected Hellcal Gears.

The results of computation show that the resulting func-
tion of transmission errors is a parabolic one. Thus the linear
function of transmission errors that was caused by gear
misalignment has been absorbed by the predesigned parabolic
function.

Change of the Pinion Lead. Helical gears in this case are de-
signed as helical gears with crossed axes. The crossing angle
'Y is chosen with respect to the expected tolerances of the gear
misalignment. ("(is in the range of 10 to 15 arc minutes.) The
gear ratio for helical gears with crossed axes maybe
represented. (21

(8)

where rbi and Ahi are the radius of the base cylinder, and the
lead angle on this cylinder; i.e., 1,2.1 Ap2 - ApI 1= 'Y. Here:
Api is the lead angle on the pitch cylinder. The advantage of
application of crossed helical gears is that the gear ratio is not
changed by the misalignment (by the change of "().The tooth
surfaces contact each other at a point during meshing. The
disadvantage of this type of surface deviation is that loca-
tion of the bearing contact of the gears is very sensitive to
gear misalignment. A slight change of the crossing angle
causes shifting of the contact to the edge of the tooth. (Fig.
10.)
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The discussed type of surface deviation is reasonable 'to
apply for manufacturing of expensive reducers of large
dimensions when the lead of the pinion can be adjusted by
regrinding. While changing by regrinding the parameters
rbland hbl' it is required that the product rbl sin Ablmust be
kept 'constant. Then, the gear ratio m:n will be of the
prescribed value, and transmission errors caused by the
crossing of axes will be zero.

Theoretically, transmission errors are inevitable if the
axes of crossed helical gears become intersected. Actually,
if gear misalignment is of the range of 5 to 10 arc minutes,
the transmission errors are very small and may be neglected.
The main problem for this type of misalignment is again the
shift of the bearing contact to the edge. (fig. 10.)

Crowned Helical Pinion with Longitudinal Path Contact.
A longitudinal path of contact means that the gear tooth sur-
faces are in contact at a point at every instant, and the instan-
taneous contact ,ellipse moves along and not across the sur-
face. (Fig. 11a.) This path can be achieved by crowning gear
surfaces. It can be expected that this type of contact provides
improved conditions of lubrication. Until now only the
Novikov-Wildhaber ge.ars(1Jcould provide a longitudinal
path of contact, A disadvantage of this 'type of gearing is the
sensitivity to the change of the center distance and the axis
misalignment. The sensitivity to non-ideal orientation of the
meshing gears causes a higher level of gear noise in corn-
parison with regular involute helical gears. Litvin. and Tsay(41
proposed a 'compromise type of nonconformal helical gears
that may be placed between regular helical gears and
Novikov-Wildhaber helical gears. The gears of the proposed
gear train are the combination of a regular involute helical
gear and a specially crowned helical pinion. The investigation
of transmission errors for helical gears with a I.ongitudinai
path of contact shows that their good bearing contact is ac-
companied by an undesirable increased level of linear
transmission error. To compensate for this disadvantage, a
predesigned parabolic function of transmission errors that
will ab orb the linear function of transmission errors is
pr-oposed.

The generation of gears is based on the following idea:
Consider that two rigidly connected generating surfaces,

tg and l:P' are used for the generation of the gear and the
pinion, respectively .. (Fig. llh.) Surface E~is a plane and

(0.1

(bl ~p
I

-- - - ---

li~. JI 11.-1",ligl·,lt.lntig,·m·f.lltll"I""I,tI!!,l\<

represents the surface of a regular rack cutter; surface Ep is
a cylindrical surface whose cross-section is a circular arc. We
may imagine that while surfaces Egand tp translate the pin-
ion and the gear rotate about their axes. To provide the
predesigned parabolic function of transmission errors, it is
necessary to observe the following transmission functions by
generation;

v V N
- = r2 = const, _.- = rz--2 - 2a<Pl = f(qh) (9)
WUI w(H Nz

Here "P) and wiZI are the angular velocities of pini.on and
gear by cutting; V is the velocity of the rack cutter in transla-
tional motion; N, and Nz are the gear and pinion tooth
numbers; ci>~ is the angle of rotation of the pinion by cut-
ting. The generated gears will be in point contact a.tevery in-
stant and transform rotation with the function

Nl 2 2~
ci>z(<P1) = -<PI - a<pl 0 <ci>] <- (10)

Nz N1

This function r-elates the angles of rotation of the pinion and
the gear, ci>1 and ci>2, r-espectively, for one cycle of meshing.
The predesigned function of transmission error-s is

(11)

It Is evident that after differentiation of Function (10')', the
gear ratio UJ(2) I UJ(1) satisfies Equation (9).

To apply this method of generation in practice it is
necessary to vary the angular velocity of the pinion in the
(continued on page 44)
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TRANSMISSION ERRORS ...
(continued from page 13)
process of its generation. That may be accomplished by a
computer-controlled machine for cutting.

Synihesis of Spiral Bevel Gears with at Predesigned
Parabolic Function of Transmission Errors

Generally, spiral bevel gears generated on Gleason
machinery are designed and manulactured with non-
conjugate tooth surfaces. By varying the machine tool. set-
tings, -it is possible to obtain. a lead function of transmissien
errors, a parabolic function with pinion lagging, or a
parabolic function with gear lagging. Only a parabolic func-
tion with gear lagging is good for applications. The problem
encountered is that it is very difficult to reduce the level of the
parabolic function of transmission errors with gear lagging.
Litvin et al.(S) proposed a method for generation of spiral
bevel gears with conjugate tooth surfaces, Gears with such
surfaces can transform rotation with constant gear ratio.
Since the gear misalignment will cause a piece-wise linear
function of transmission errors, it is necessary to predesign
even for conjugate spiral bevel gears a parabolic function of
transmission errors. Sucha function will. absorb the linear
function of transmission errors. This goal can be achieved by
modifying of the pinion tooth surface slightly. This is done
by varying the machine tool settings for the conjugate gear
tooth surfaces ..

Rearranging (1), we can obtain

¢Z(¢l) = Nl ¢l + tJ.·¢2(¢l)
Nz

Differentiating (9) by ¢1, we obtain

mZl (¢1) = NI + tJ.¢i(¢l)
Nz

where mll (4)1) is the instantaneous gear ratio.
Differentiating again (10) by ¢l' we receive

(12)

To obtain a parabolic function with gear lagging, the
value of mZl must be negative.

The determination of machine tool settings is based on the
local synthesis of the gears. This synthesis is based on the
following ideas: (i) The gear tooth surfaces are in contact at
the chosen mean point. (ii) The instantaneous gear ratio at
the mean contact point is equal to the given value. (iii) The
derivative of m;n is a negative that yi.elds a predesigned
parabolic function with gear lagging. (iv) The tangent to the
path contact has the prescribed direction. (In the discussed
case the above-mentioned tangent is directed along the sur-
face.) (v) The principal. 'curvatures and directions of the gear
tooth surfaces must be related to satisfy the requirements to
mZl, the direction of the tangent, and the dimensions o·fthe
contact ellipse, The meshing of the gears and their bearing
contact in the region of meshing can be investigated by the
TCA (Tooth Contact Analysis) Prcgram.P'
Example 4. The pinion is right-handed, Nl = 10, N2 = 41,
diametral pitch is 5..559" in -1, pinion roo t angle is lZO1:
gear root angle is 72°25',. mean spiral angle is 35°.

Table 7 shows the basic machine tool settings for con-
jugate gears and for gears with the predesigned parabolic
function. The transmission errors for the gear convex side
(drive side) when the gears are not misaligned are given in
Table 8..Table 9 shows the resulting transmission errors for
the gears with the crossing offset 0.002". Table 10 shows the
resulting transmission errors for the gear convex side w.ith
the shift of the pinion axis 0.'002". The transmission errors
in both cases are represented by a parabolic function.

The bearing contact of the synthesaed gears is shown in
Fig. 12.

(13)

Conclusion
Modified tooth surfaces for spur, helical, and spiral bevel

gears with a predesigned parabolic function of transmission
errors have been proposed. The predesigned function allows
absorption of a linear function of transmission errors that are
caused by misalignment and errors of manufacturing,
Methods for generation of the modified gears have been also
developed.(14)

Gear (LH)
Table 7. Machine-Tool St'lting~.

Pinion (RH)

Both Sides Concave Side

Cutter Radius 3.9571 3 ..8953
Both Cases Conjugate Gears Nonconjugate Gears

Cutter Width 0.08

Swivel

Blade Angle
Machine Root Angle

3.8957

16.7979" 16.5919"
12.0236 12.0236°
3.3153 3.3031

75.1337° 76.8170°
0.00508 0.01391

-0.00041 0.01130
0.00009 -0.00235
0.2375 0..2371

0° 0°
0° 0°

Radial 3.3775

Machine Offset o
Setting Angle 73.6837°

Machine Or. to Back o
Sliding Base o
Ratio of Roll 0.9738
TUt
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TableS. Predesigned !FWlcl:ionof Transmission Errors,

cPtl -17 -11 -5 1 7 13 19

!!.I/'Jz 1"1 -7.66 -3.06 -0.61 -0.02 -1.10 -3.67 -7.60

]
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